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Abstract
This is the second paper on the path integral approach of superintegrable systems on Darboux
spaces, spaces of non-constant curvature. We analyze in the spaces D III andD IV five respectively
four superintegrable potentials, which were first given by Kalnins et al. We are able to evaluate
the path integral in most of the separating coordinate systems, leading to expressions for the
Green functions, the discrete and continuous wave-functions, and the discrete energy-spectra. In
some cases, however, the discrete spectrum cannot be stated explicitly, because it is determined
by a higher order polynomial equation.
We show that also the free motion in Darboux space of type III can contain bound states,
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1 Introduction
In a previous publication [22] we have started to study superintegrable systems on spaces of
non-constant curvature, i.e. Darboux spaces. These spaces were introduced by Kalnins et al.
[27, 29]. In the first paper we have studied the Darboux spaces D I and D II, and we continue
our study by considering the two other Darboux spaces D III and D IV with five, respectively four
superintegrable potentials as determined in [27].
We find a rich structure of the spectrum of these potentials yielding bound and continuous
states. As it turns out, already the free motion on D III can give a positive continuous and an
infinite negative discrete spectrum. This situation is similar as for the quantum motion on the
SU(1, 1) manifold [2], respectively on the SU(2, 2) [6] and SO(2, 2) manifolds [31].
The notion of superintegrable systems was introduced by Winternitz and co-workers in [9,
48], Wojciechowski [49], and was developed further later on also by Evans [7]. Superintegrable
potentials have the property that one finds additional constants of motion. In two dimensions one
has in total three functional independent constants of motion and in three dimensions one has four
(minimal superintegrable) and five (maximal superintegrable) functional independent constants
of motion. Well-known examples are the Coulomb potential with its Lenz–Runge vector and the
harmonic oscillator with its quadrupole moment. Another property of superintegrable potentials
is that usually the corresponding equations in classical and quantum mechanics separate in more
than one coordinate system.
Similar studies of the quantum motion on spaces with and without curvature have been
investigated in [18] for two- and three-dimensional flat space, in [19] for the two- and three-
dimensional sphere, and in [20] and [21] for the two- and three-dimensional hyperboloid. In
all these cases the path integral method [8, 23, 46, 40] was applied to find the bound and
continuous states, i.e., wave-functions and the explicit form of the spectrum. We have not
considered complexified spaces as in [38] for the two-dimensional complex sphere or [35]–[37]
for the two-dimensional complex Euclidean space. In particular, in [35] coordinate systems on
the two-dimensional complex sphere and corresponding superintegrable potentials, and in [37]
coordinate systems on the two-dimensional complex plane and corresponding superintegrable
potentials were discussed. The goal of [35, 37] was to extend the notion of superintegrable
potentials of real spaces to the corresponding complexified spaces. The findings were on the real
two-dimensional Euclidean plane that there are three more coordinate systems and three more
superintegrable potentials. Similarly, in addition to the two coordinate systems on the real two-
dimensional sphere there are three more coordinate systems on the complex sphere and four more
superintegrable potentials. This is not surprising because the complex plane contains not only
the Euclidean plane but also the pseudo-Euclidean plane (10 coordinate systems [13, 25, 24]) and
the complex sphere contains not only the real sphere but also the two-dimensional hyperboloid
(9 coordinate systems [13, 25, 30, 44]).
However, a complexified space is an abstract object. In order to obtain the actual spectrum
of a given potential formulated in a coordinate system one has to consider a real version of the
complexified space, e.g. the complex sphere: One has to determine whether one considers the
potential on the real sphere or on the real hyperboloid. The complexification serves only as a
tool for a unified investigation.
Further studies on superintegrability in spaces with constant curvature are due to [32, 34]
(hyperboloid with new potentials), [33] (sphere and Euclidean space), [38], and [39] with a general
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theory about the connection of separation in non-subgroup coordinate systems of superintegrable
systems and quasi-exactly-solvable problems [47].
An extension of the study of path integration on spaces of constant curvature is the investi-
gation of path integral formulations in spaces of non-constant curvature. Kalnins et al. [27, 29]
denoted four types of two-dimensional spaces of non-constant curvature, labeled by D I–D IV,
which are called Darboux spaces [41]. In terms of the infinitesimal distance they are described by
(the coordinates (u, v) will be called the (u, v)-system; the (x, y)-system in turn can be called
light-cone coordinates):
(I) ds2 = (x+ y)dxdy










(du2 + dv2) ,
(





(III) ds2 = (a e−(x+y)/2 + b e−x−y)dxdy
= e−2u(b+ a eu)(du2 + dv2) , (x = u− iv, y = u+ iv) , (1.3)
(IV) ds2 = −a(e
(x−y)/2 + e(y−x)/2) + b









(du2 + dv2) (x = u+ iv, y = u− iv) . (1.4)
a and b are additional (real) parameters (a± = (a±2b)/4). These surfaces are also called surfaces
of revolution [5, 26, 27]. Kalnins et al. [27, 29] studied not only the solution of the free motion,
but also emphasized on the superintegrable systems in theses spaces.
The Gaussian curvature in a space with metric ds2 = g(u, v)(du2 + dv2) is given by (g =
det g(u, v))









ln g . (1.5)
Equation (1.5) will be used to discuss shortly the curvature properties of the Darboux spaces,
including their limiting cases of constant curvature.
In the following sections we discuss superintegrable potentials in each of the two Darboux
spaces D III and D IV, respectively. We set up the classical Lagrangian and Hamiltonian, the
quantum operator, and formulate and solve (if this is possible) the corresponding path integral.
We also discuss some of the limiting cases of the Darboux-spaces, i.e. where we obtain a space of
constant (zero or negative) curvature. For the Darboux-space D III the zero-curvature case IR
2
emerges. In D IV we find a hyperboloid.
In the last section we summarize our results, where we include the findings of our previous
paper which dealt with superintegrable potentials on D I and D II.
In the first two appendices we add some additional material about the path integral evaluation
of the free motion in D IV in degenerate elliptic coordinates. In the third appendix we summarize
briefly the path integral investigation of some remaining superintegrable potentials on the two-
dimensional Euclidean plane. Finally, in the fourth appendix an example of a potential on the
two-dimensional complex sphere will be given.
2 Superintegrable Potentials on Darboux Space D III
The coordinate systems to be considered in the Darboux space D III are as follows:
((u, v)-System) x = v + iu, y = v − iu , (2.1)
(Polar:) ξ = ̺ cosϕ, η = ̺ sinϕ , (̺ > 0, ϕ ∈ [0, 2π]) , (2.2)
(Parabolic:) ξ = 2e−u/2 cos
v
2







, v = arcsin
2ξη
ξ2 + η2
, (ξ ∈ IR, η > 0) , (2.3)
















, (µ, ν > 0) . (2.5)
For the line element we get (we also display, where the metric is rescaled in such a way that we
set a = b = 1 [27]):
ds2 = e−2u(b+ a eu)(du2 + dv2) = (e−u + e−2u)(du2 + dv2) (2.6)
(Polar:) = (a+ b4̺
2)(d̺2 + ̺2dϕ2) = (1 + 14̺
2)(d̺2 + ̺2dϕ2) , (2.7)
(Parabolic:) = (a+ b4(ξ
2 + η2))(dξ2 + dη2) = (1 + 14(ξ
2 + η2))(dξ2 + dη2) , (2.8)
(Elliptic:) = (a+ b4d
2(sinh2 ω + cos2 ϕ))d2(sinh2 ω + sin2 ϕ)(dω2 + dϕ2) , (2.9)









For the Gaussian curvature we find
G = − ab e
−3u
(b e−2u + a e−u)4
. (2.11)
For e.g. a = 1, b = 0 we recover two-dimensional flat space with the corresponding coordinate
systems. To assure the positive definiteness of the metric (1.3), we require a, b > 0.











cos v · p2v +
1
2











sin v · p2v +
1
2
eu cos v · pupv , (2.13)
K = pv . (2.14)
These operators satisfy the Poisson relations
{K,X1} = −X2 , {K,X2} = X1 , {X1,X2} = KH˜0 , (2.15)
and the functional relation
X21 +X
2
2 − H˜20 − H˜0K2 = 0 . (2.16)
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Table 1: Constants of Motion and Limiting Cases of Coordinate Systems on D III
Metric: Constant of Motion D III E2 (a = 1, b = 0)
e−2u(b+ a eu)(du2 + dv2) K2 (u, v)-System Cartesian
(a+ b4̺
2)(d̺2 + ̺2dϕ2 X2 Polar Polar
(a+ b4 (ξ
2 + η2))(dξ2 + dη2) X1 Parabolic Parabolic
(a+ b4d
2(sinh2 ω + cos2 ϕ))d2
×(sinh2 ω + sin2 ϕ)(dω2 + dϕ2) d2X1 + 2K2 Elliptic Elliptic
The operators K,X1,X2 can be used to characterize the separating coordinate systems on D III,





























K = ∂v . (2.19)
These operators satisfy the commutation relations




2 − Ĥ20 − Ĥ0K̂2 + 14Ĥ0 = 0 . (2.21)
(Let us note that by H˜0 the classical Hamiltonian without the 1/2m-factor is meant. Keeping
this factor is no problem, however, in the present form the algebra is simpler).
We now state the superintegrable potentials on D III:
V1(u, v) =
2k1 e
−u cos v2 + 2k2 e
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Table 2: Separation of variables for the superintegrable potentials on D III
Potential Constants of Motion Separating
coordinate
system
V1 R1 = X1 +
2k1ξ(2 + η
2)− 2k2η(2 + ξ2) + k3(η2 − ξ2)
4a+ b(ξ2 + η2)
Parabolic
R2 = X2 +
k1η(η
2 − ξ2 + 4) + k2ξ(ξ2 − η2 + 4)− 2k3ξη
4a+ b(ξ2 + η2)
Translated
parabolic
(ξ, η → ξη ± c)





(k21 − 14 )η2(η2 + 2)− (k22 − 14 )ξ2(ξ2 + 2)
)
− α(η2 − ξ2)







(k21 − 14 )
η2
ξ2






V3 R1 = X1 + iX2 − −αµ
2ν2 + c21µν − 2c2(1 + µ− ν)
(a+ b2 (µ− ν))(µ + ν)
Polar
R2 = K




V4 R1 = X1 + iX2 −K2 −
µν
(
d1(ν − 2) + d2(µ+ 2) +mω2(ν − µ+ µν)
)
(a+ b2 (µ− ν))(µ + ν)
Hyperbolic




(µ− ν)(d1µ+ d2ν)−mω2(µ2 + ν2 + µν(2 + µ− ν))
)
4(a+ b2 (µ− ν))(µ + ν)
Elliptic















R3 = K = pv Parabolic
Elliptic
Hyperbolic
In Table 2 we list the properties of these potentials on D III, where the coordinate systems were
an explicit path integral solution is possible are underlined. We see that V5 is a special case,
and it has three integrals of motion. We will threat this case in some more detail as in the other
spaces, because on D III the free quantum motion can give bound state solutions (provided the
constant are chosen properly). This feature has not been discussed in [14].
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2.1 The Superintegrable Potential V1 on D III.
We state the potential V1 in the respective coordinate systems
V1(u, v) =
2k1e
−u cos v2 + 2k2e









k1ξ + k2η + (k1c− k2c+ k3)
a+ b4((ξ + c)
2 + (η − c)2) . (2.29)
and V1 is also separable in translated parabolic coordinates ξ → ξ+ c, η → η− c. The translated
parabolic coordinates just modifies the solution of a shifted harmonic oscillator, and this case we
do not discuss separately.
2.1.1 Separation of V1 in Parabolic Coordinates.
The classical Lagrangian and Hamiltonian in parabolic coordinates on D III are given by






(ξ˙2 + η˙2)− V (ξ, η), (2.30)







η) + V (ξ, η) . (2.31)
























and for the quantum Hamiltonian (product ordering) we find




























+ V (ξ, η) . (2.34)
Therefore we obtain for the path integral formulation for V1

















































K(V1)(ξ′′, ξ′, η′′, η′; s′′) , (2.35)
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with the time-transformed path integral K(s′′) given by
























The transformed variable ξ˜, η˜ are given by ξ˜ = ξ+ k1/mω
2, η˜ = η+ k2/mω
2, and ω2 = −bE/2m.
Similarly as in [14] we can determine the Green function to have the form













































































The Dν(z) are parabolic cylinder-functions [10, p.1064], and the E˜ is defined by E˜ = aE − k3 −
(k21 + k
2
2)/bE − E . On the other hand we can insert for the discrete part of the Green function











×Ψ(HO)nξ (ξ˜′′)Ψ(HO)nξ (ξ˜′)Ψ(HO)nη (η˜′′)Ψ(HO)nη (η˜′) . (2.38)






















Enξnη is determined by the equation












































= 0 . (2.41)
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This equation we dot not solve. Note that for k1 = k2 = k3 = 0 a discrete spectrum emerges for
the free motion on D III, a feature which we will discuss in more detail in the subsection for V5.
















− k23 . (2.42)
Note that ωnξnη must be taken on ωnξnη =
√
−bEnξnη/2m. The normalization Nnξnη is deter-
mined by the residuum in G(V1)(E). If one fixes the parameters a and b and the specific surface
of revolution, a more detailed investigation can be performed (special cases, limiting cases, which
sign of the square-root gives a positive definite Hilbert space, etc.). Because we do not fix these
parameters, we keep both signs of the square root-expression (recall that the free motion on D III
allows already a discrete spectrum reaching to −∞).
Note that for the translated parabolic coordinates, the variables ξ˜, η˜ are translated by ±c,
respectively, and the quantity E by an additional Ebc2/2.
2.2 The Superintegrable Potential V2 on D III.

























































cosh2 ω cos2 ϕ
+
k22 − 14
sinh2 ω sin2 ϕ
)]
. (2.46)
V2 is obviously separable in elliptic coordinates, but the corresponding path integral is not
solvable; this case will be omitted.
2.2.1 Separation of V2 in the (u, v)-System.
The classical Lagrangian and Hamiltonian are given by:




(u˙2 + v˙2)− V (u, v), (2.47)






v) + V (u, v) . (2.48)









a e−u + 2b e−2u
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and for the quantum Hamiltonian we find
























a e−u + b e−2u
+ V (u, v) . (2.51)
Therefore we obtain for the path integral (f(u) = a e−u + b e−2u)


























































− α+ eu ~
2
8m
























′′, u′; s′′) , (2.52)







































2(α+ β + 2l + 1)
l!Γ(α+ β + l + 1)
Γ(α + l + 1)Γ(β + l + 1)
]1/2
×(sinx)α+1/2(cos x)β+1/2P (α,β)n (cos 2x) . (2.55)
Equation (2.53) is a path integral for the Morse potential. Inserting the corresponding solution
[23] we obtain
























































































































n (z) are Laguerre polynomials [10]. Here, the spectrum Enl is determined by




(2n+ 2l + |k1|+ |k2|+ 2) , (2.59)

























(2n+ 2l + |k1|+ |k2|+ 2)2 , (2.61)
Enl+ ≃ − mα
2
2b~2(2n + 2l + |k1|+ |k2|+ 2)2 , (2.62)
with Enl+ showing a Coulomb-like behavior.
2.2.2 Separation of V2 in Polar Coordinates
In the coordinates (̺, ϕ) the classical Lagrangian and Hamiltonian take on the form
L(̺, ˙̺, ϕ, ϕ˙) = m
2
(a+ b4̺
2)( ˙̺2 + ̺2ϕ˙2)− V (̺, ϕ), (2.63)











+ V (̺, ϕ) . (2.64)
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Therefore the quantum Hamiltonian is given by:










































and in this case we have an additional quantum potential ∝ ~2. This gives for the path integral
(f(̺) = a+ b4̺
2)





























































































′′, ̺′; s′′) , (2.68)
with the time-transformed path integral Kl(s












































Performing the s′′-integration yields the Green function

















1 + λ− 1
~
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The wave-functions for the radial harmonic oscillator V (r) = m2 ω
2 − ~22m λ
2−1/4



























The spectrum Enl is determined by




(2n+ 2l + |k1|+ |k2|+ 2) , (2.73)
which is the same as in (2.60). In the wave-functions Ψ
(RHO,λ)
n (̺) the quantity ω has to be taken
on ω =
√−bEnl/2m, and the the normalization constants Nnl are determined by the residuum
of (2.69).
2.2.3 Separation of V2 in Parabolic Coordinates















































K(V2)(ξ′′, ξ′, η′′, η′; s′′) , (2.74)
with the time-transformed path integral K(V2)(s′′) given by (ω2 = −bE/2m)

















(ξ˙2 + η˙2)− m
2
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Performing the s′′-integration yields the Green function (E˜ = aE − α− E)



















































On the other we insert the expansion of the bound states of the radial harmonic oscillator and
obtain for the discrete spectrum contribution of the Green function:







×Ψ(RHO,|k1|)nξ (ξ′′)Ψ(RHO,|k2|)nξ (ξ′)Ψ(RHO,|k2|)nη (η′′)Ψ(RHO,|k1|)nη (η′) , (2.77)
where the energy Enξ,nη is determined by the equation







which is equivalent with (2.60). The normalization constants Nnξnη are determined by the




nη has to be taken on ωnξ,nη =
√
−bEnξ,nη/2m.
2.3 The Superintegrable Potential V3 on D III.





























−α(µ+ ν) + c21µ+ νµν − c2µ
2 − ν2
µ2ν2
(a+ b2 (µ− ν))(µ+ ν)
. (2.81)
In hyperbolic coordinates no closed solution can be obtained due to the involved mixture of linear,
quadratic, inverse-linear and inverse-quadratic terms. In polar coordinates the path integral in
̺ turns out to be a path integral for the radial harmonic oscillator. Note that the (u, v)-system
is equivalent to polar coordinates.
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2.3.1 Separation of V3 in Polar Coordinates



































































































′′, ̺′; s′′) , (2.82)























































[cMP ],l(ϕ) we denote the wave-functions of the complex periodic Morse potential in the
variable ϕ with spectrum El = ~
2(l + 2 c2c1 +
1
2)




(4 c2c1 − 2n− 1)n!


























Performing the s′′-integration gives the Green function

















l + 2 c2c1 +
3
2 − 1~(aE − α)
√−2m/bE)]












































2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 15
Inserting the expansion into Laguerre polynomials yields the discrete contribution of the Green-

























and the the normalization constants Nnl are determined by the residuum of (2.85). Here, the
spectrum Enl is determined by


































In the wave-functions Ψ
(RHO,λ)
n (̺) the quantity ω has to be taken on ω =
√−bEnl/2m. For




(2n + 2l + 1)2 , (2.89)
Enl+ ≃ − mα
2
2b~2(2n+ 2l + 1)2
, (2.90)
with Enl+ showing a Coulomb-like behavior.
2.4 The Superintegrable Potential V4 on D III.
V4(µ, ν) =
1












2(d1 + d2)(cos 2ϕ− cosh 2ω) + 2(d1 − d2)(2i sin 2ϕ+ sinh 2ω)
+2d3(2i sin 2ϕ+ sinh 4ω)
]
. (2.92)
We can evaluate the path integral in hyperbolic coordinates (application of the Morse potential);
in elliptic coordinates no closed solution can be found.
2.4.1 Separation of V4 in Hyperbolic Coordinates
The classical Lagrangian and Hamiltonian have the form













− V (µ, ν), (2.93)
H(µ, pµ, ν, pν = 1
2m
µ2p2µ − ν2p2ν(
a+ b2 (µ− ν)
)
(µ+ ν)
+ V (µ, ν) . (2.94)
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and the quantum Hamiltonian has the form
















































+ V (µ, ν) . (2.98)
Note that from each coordinate there comes a quantum potential ∆V = ~2/8m, however they
are canceling each other due to the minus-sign in the metric in ν.

















































ds′′K(V4)(µ′′, µ′, ν ′′, ν ′; s′′) , (2.99)
and the path integral K(V4)(s′′) is given by





































Each of the last path integrals has a similar form as the one discussed in [14]. One can perform
the transformation µ = ex, ν = ey. Then the path-integration in (µ, ν) gives a path-integration
in (x, y) of the following form
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and we find the product of two path integrals for the Morse potential. This can be evaluated as




(mω2 − bE), αx,y = − d1,2 ∓ aE
mω2 − bE . (2.102)
We expand each path integral into the discrete spectrum contribution by means of the known
solution of the Morse potential in terms of Laguerre polynomials with the quantum numbers n









(n+ l + 1)2
, (2.103)
together with the wave-functions (Nn,l is determined by the corresponding residuum)
Ψn,l(x, y) = Nn,lΨ
(MP )























Ψp,λ(x, y) = Ψ
(MP )







)1/2∣∣∣Γ(ip± − αz + 12 )∣∣∣e−zWαzV0,ip±(2V0 ex) . (2.108)
with p± = p± λ for z = x, y. The entire Green function has the form

















together with the replacement µ = ex, ν = ey. This concludes the discussion.
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2.5 The Superintegrable Potential V5 on D III.







































We discuss the path integral solution of V5 in some extend, where the case of elliptic coordinates
is omitted due to intractability of this system in the path integral. Provided that b > 0, there is
in the case of the free motion a discrete spectrum





(2N + 1)2 , (2.115)
with the principal quantum number N ∈ IN.
2.5.1 Separation of V5 in the (u, v)-System.
We insert the potential V5 into the path integral for the (u, v)-system and obtain



































s′′/2mK(V5)(u′′, u′, v′′, v′; s′′) , (2.116)
with the time-transformed path integral K(V5)(s′′) given by
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The path integral in u is a path integral for the Morse potential. Performing the s′′-integration
gives, c.f.[14], the Green function as follows (E = [Ea− (~2v20/2m)]
√−2m/bE/2~)






mΓ(12 + l − E)
~
























































= −n , (2.120)
In the case of v0 = 0 this simplifies to






= 0 , (2.121)
with the solution





(2n + 2l + 1)2 . (2.122)
yielding for b > 0 an infinite number of bound states. For v0 6= 0 the equation for Enl is a
quadratic equation in E with solution
































(2n+ 2l + 1)2
. (2.125)
For v0 = 0, there is only Enl+. For (2n + 2l + 1)
2 < 4av20/b there are semi-bound states located
approximately around E0 = −~2v20/2ma.
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with the functions Ψ
(V5)
nl (u) given by (E as in (2.118))
Ψ
(V5)
nl (u) = Nnl












The constant Nnl is determined by taking the Green function at the residuum Enl. The wave-
functions vanish for u→∞ due to e−
√−8mbEnl eu/~ = e−2b~(2n+2l+1)eu/a → 0 for u→∞, provided
b/a > 0 for all n ∈ IN, which shows that the discrete spectrum is indeed infinite.1
2.5.2 Separation of V5 in Polar Coordinates.
We insert the potential V5 into the path integral in polar coordinates and obtain:


































e−iET/~G(V5)(̺′′, ̺′, ϕ′′, ϕ′;E) , (2.128)
and the Green function is evaluated to have the form [14] (E = (aE − ~2v202m )/~ω, ω2 = −bE/2m)

























The Green function has poles which are determined by











= 0 . (2.130)
In the case of v0 = 0 this simplifies to





= 0 , (2.131)
with the solution





(2n + l + 1)2 . (2.132)
1The feature that an homogeneous space with curvature has at the same time a discrete and a continuous
spectrum is already know from the path integration on the SU(1, 1) group manifold [23]. Actually, this property
allows the analysis of the modified Po¨schl–Teller potential with its continuous and (finite) discrete spectrum.
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yielding for b > 0 an infinite number of bound states. For v0 6= 0 the equation for Enl is a
quadratic equation in E with solution










b(2n + l + 1)2
 . (2.133)
The limit of N, l→∞ yields















4b(2n + l + 1)2
, (2.135)
and Enl+ corresponds in this limit to the spectrum of the free motion.
2.5.3 Separation of V5 in Parabolic Coordinates.
We insert the potential V5 into the path integral in parabolic coordinates and obtain:



































e−iET/~G(V5)(ξ′′, ξ′, η′′, η′;E) , (2.136)
with the time-transformed path integral K(s′′) given by




































2m term in the


















where Enξnη is determined by the equation









= 0 . (2.139)
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which is (up to a different counting in the quantum numbers) identical with (2.131). The nor-
malization Nnξnη is determined by the residuum in G
(V5)(E). The continuous spectrum part we
do not state, it can be derived from [14] by the replacement aE → aE − ~2v20/2m
2.5.4 Separation of V5 in Hyperbolic Coordinates.
We insert the potential V5 into the path integral in hyperbolic coordinates and obtain: The path
integral has the form













































ds′′K(V5)(µ′′, µ′, ν ′′, ν ′; s′′) , (2.140)
and the path integral K(V5)(s′′) is given by






































Each of the last path integrals has a similar form as the one discussed in [11]. One can perform
the transformation µ = ex, ν = ey yielding







































and we find the product of two path integrals for the Morse potential, however more complicated
as in [14]. The continuous part of the spectrum can be analyzed similarly as in [14] yielding
products of M -Whittaker functions. Analyzing the discrete spectrum contribution from the
Morse potential we find the quantization condition









= 0 , (2.143)
which is up to a different counting in the quantum numbers equivalent with (2.131). This
concludes the discussion.
3 Superintegrable Potentials on Darboux Space D IV
Finally, we consider the Darboux space D IV. We have the coordinate systems:
((u, v)-System:) x = v + iu, y = v − iu , (u ∈ (0, π2 ), v ∈ IR) , (3.1)
(Equidistant:) u = arctan(eα), v =
β
2
, (α ∈ IR, β ∈ IR) , (3.2)
(Horospherical:) x = log
µ− iν
2
, y = log
µ+ iν
2
, (µ, ν > 0) , (3.3)
µ = 2ev cosu, ν = −2ev sinu , (3.4)
(Elliptic:) µ = d coshω cosϕ, ν = d sinhω sinϕ , (ω > 0, ϕ ∈ (0, π2 )) . (3.5)
We obtain the following forms of the line-element (a > 2b, a± = (a± 2b)/4):
ds2 =




























cosh2 ω cos2 ϕ
+
a+
sinh2 ω sin2 ϕ
)














(dω2 + dϕ2) , (3.9)


















(γ = 1) . (3.10)










(dω˜2 + dϕ˜2) , (γ = 2) . (3.11)
We observe that the diagonal term in the metric corresponds in most cases to a combination
of a Po¨schl–Teller potential and a modified Po¨schl–Teller, respectively. In particular, the (u, v)
and the equidistant systems are the same, they just differ in the parameterization. The limiting
cases a = 2b and b = 0 give particular cases for the metric on the two-dimensional hyperboloid.
We have also displayed two versions of degenerate elliptic coordinates. They come from the
observation that for the representatives
K2, X2, γX2 +K2, X1 +X2 + γK
2 , (3.12)
one can distinguish the cases γ = 0, γ = 2, and γ 6= 0, 2. For γ 6= 0, 2, one has coordinate systems
which can be explicitly formulated in terms of the elliptic functions sn(α, k), cn(β, k), and only
for a special choice of the parameter k they can be simplified in trigonometric and hyperbolic
functions. Then the line element has the form
ds2 = 14 [a+k
4sn2(α, k) − sn2(β, k) + k2a−](dα2 + dβ2) , (3.13)
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and separated equations are versions of Lame’s equation, if we assume an Ansatz of the form





−14k4Ea+sn2(α, k) − λ1
)





−14k4Ea+sn2(β, k) − λ2
)
B(β) = 0 , (3.15)
where λ1 − λ2 = −Ea−k2/4. k denotes the modulus of the elliptic functions.
In particular for the potential V2 one has the possibilities taking γ = 0, and γ = 2. For
γ = 0, the modulus k of the elliptic functions equals k = −i. We do not treat V2 in these elliptic
coordinates, but only the degenerate case of γ = 2.
For the potential V3, however, the elliptic systems with γ = 1 can be explicitly worked
out. We have stated the respective line elements for these two cases. Note that for γ = 2 the









, (ω˜ > 0, ϕ˜ ∈ (0, π4 )) . (3.16)
We do not dwell into a discussion of elliptic systems any further, for details we refer to [27]. Let
us finally note that the notion elliptic is also used for the (ω,ϕ)-system, and they must not be
confused with the general elliptic coordinates just discussed.
Because we have not worked out the path integral for the free motion in these two further
coordinates systems, this will be done in the appendix,




















and therefore again a space of constant curvature, the hyperboloid Λ(2) is given for b > 0. We
have set the sign in the metric (1.4) in such a way that from a = 2b > 0 the hyperboloid Λ(2)
emerges. We could also choose the metric (1.4) with the opposite sign, then a = 2b < 0 would
give the same result. In the following it is understood that we make this restriction of positive
definiteness of the metric and we do not dwell into the problem of continuation into non-positive
definiteness. Because the (u, v)-coordinates and the equidistant system are the same, we do not
evaluate the path integral in the equidistant system. In the following we assume a+ > 0 and
a+ > a−.
We introduce the following three constants of motion on D IV:
X1 = e
2v(−H˜0 + cos 2u · p2u + sin 2u · pupv) , (3.19)
X2 = e
2v(−H˜0 + cos 2u · p2u − sin 2u · pupv) . (3.20)
K = pv . (3.21)
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Table 3: Constants of Motion and Limiting Cases of Coordinate Systems on D IV
Metric: Constant D IV Λ











(dµ2 + dν2) X2 Horospherical Horicyclic Semi-circular
parabolic(
a−
cosh2 ω cos2 ϕ
+
a+
sinh2 ω sin2 ϕ
)
K2 + d2X2 Elliptic Elliptic- Hyperbolic-








X1 +X2 + γK
2 Elliptic Elliptic Elliptic
×k24 (d
2α+ d2β)
These integrals of motion satisfy the Poisson relations
{K,X1} = 2X1 , {K,X2} = −2X2 , {X1,X2} = −K3 − 4aKH0 , (3.22)
and satisfy the relation
X1X2 −K4 − aK2H0 −H20 = 0 . (3.23)
The corresponding quantum operators have the form
Ĥ0 =
sin2 2u





2v(−Ĥ0 + cos 2u · (∂2u + ∂v) + sin 2u · (∂u∂v + ∂u) , (3.25)
X̂2 = e
2v(−Ĥ0 + cos 2u · (∂2u − ∂v)− sin 2u · (∂u∂v − ∂u) , (3.26)
and the commutation relations read
[K̂, X̂1] = 2X̂1 , [K̂, X̂2] = −2X̂2 , [X̂1, X̂2] = −8K̂3 − 4aK̂Ĥ0 − 4K̂ , (3.27)
and satisfy the operator relation
1
2{X̂1, X̂2} − K̂4 − aĤ0K̂2 − 5K̂2 − Ĥ20 − aĤ0 = 0 . (3.28)
In Table 3 we list the connection with these operators and the corresponding coordinate systems
on D IV.
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Table 4: Separation of variables for the superintegrable potentials on D IV
Potential Constants of Motion Separating
coordinate
system
V1 R1 = K
2 − α(µ2 + ν2) + m2 ω2(µ2 + ν2) (u, v)-System
R2 = X2 +
















2 − 12 )− 2(k23 − 12 ) cosh 2v (u, v)-System






















V3 R1 = X1 +X2 + 2K































elliptic I & II
















c1 cosh 2ω˜ tan
2 ϕ˜− c2 cos 2ϕ˜− c3(2 cos







c2 cos 2ϕ˜ tanh
2 ω˜ + c1 cosh 2ω˜ − c3(2 cosh
2 ω˜(sinh2 ω˜ − sin2 ϕ˜) + 1
sinh2 ω˜
)]



































































In Table 4 we list the properties of these potentials on D IV. We see that V4 is a special case,
and it has three integrals of motion. The variables ω˜, ϕ˜ are defined by
x = log[tan(ϕ˜− iω˜)] , y = log[tan(ϕ˜+ iω˜)] . (3.33)
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3.1 The Superintegrable Potential V1 on D IV.

















































sinh2 ω sin2 ϕ
+
a−









sinh2 ω sin2 ϕ
+
k2 − 14









The path integral for the potential V1 can be solved in the (u, v)-system and in horospherical
coordinates. We also keep the parameters k1 and k2 different in comparison to Kalnins et al.
3.1.1 Separation of V1 in the (u, v)-System.
The classical Lagrangian and Hamiltonian are given by
L(u, u˙, v, v˙) = m
2
2b cos 2u+ a
sin2 2u
(u˙2 + v˙2) + V (u, v) , (3.38)
H(u, pu, v, pv) = 1
2m
sin2 2u
2b cos 2u+ a
(p2u + p
2
v) + V (u, v) . (3.39)







+ 2cot 2u− 2b sin 2u








and the Hamiltonian operator has the form






















2b cos 2u+ a
+ V (u, v) . (3.42)
We insert V1 into the path integral and obtain (f = a+/sin
2 u+ a−/cos2 u)









































We see that the v-dependence has the form of a Morse-potential (α˜ = α/4mω2):








where the (finite) discrete energy spectrum is given by
El = − ~
2
2M
(α˜− l − 12)2 . (3.45)
Proceeding in the usual way we obtain for the time-transformed path integral







































































(α˜− l − 12 )2
]}
. (3.46)
Here, λ21,2 = k
2
1,2 − 2ma−,+E/~2, and in the variable v we have used the solution of the Morse
potential and in the variable u the solution of the Po¨schl–Teller potential, respectively. This form
of the solution is convenient to obtain the bound state solutions. The bound state energy-levels
are determined by:
2(n+ l + 1) + λ1 + λ2 − α
~ω




2(n+ l + 1)− α
~ω
)2
− (k21 + k22) (3.48)











(aNn,l +Ka)2 − 4b2(N2n,l − 4k21k22)− (aNn,l +Ka)
}
. (3.49)
We keep the ±-sign to allow for different boundary conditions which may depend on the param-
eters a and b. For instance, for a = 2b we get the the limiting case:
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For k2 = ±12 it has the form of the usual zero-energy on the two-dimensional hyperboloid.
In order to obtain the continuous spectrum, the formulation in (u, v)-coordinates is inconve-
nient. Following [12] we perform the coordinate transformation cos u = tanh τ , and additionally
we make a time-transformation with the time-transformation function f = a+/sin
2 u+a−/cos2 u.





















We get for the path integral (3.43)

















K(V1)(τ ′′, τ ′, v′′, v′; s′′) ,
(3.52)
and the time-transformed path integral K(V1)(s′′) is given by








′′)Kl(τ ′′, τ ′; s′′) +
∫
dκΨ(MP ) ∗κ (v
′)Ψ(MP )κ (v

































The parameters λ1,2 are the same as in the previous paragraph and ν is given be
νl =
∣∣∣∣2l + 1− α
~ω
∣∣∣∣ (discrete), νκ = iκ (continuous), (3.55)
where discrete and continuous means the discrete and continuous contribution of the Morse




′′) now allow us to write down the entire kernel K(V1)(T ) in terms of Morse
wave-functions and modified Po¨schl–Teller wave-functions in the following form:




































with the proper normalization constants Nln, Nlp, Nκp, where e.g. Nln is determined by the





(p2 + k22) . (3.57)
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Note that for k2 = 1/2 we obtain the well-known zero-energy on the two-dimensional hyperboloid,




p (ω) are the modified Po¨schl–Teller functions, which are given by
Ψ(η,ν)n (r) = N
(η,ν)
n (sinh r)
2k2− 12 (cosh r)−2k1+
3
2





2(2κ − 1)Γ(k1 + k2 − κ)Γ(k1 + k2 + κ− 1)
Γ(k1 − k2 + κ)Γ(k1 − k2 − κ+ 1)
]1/2
. (3.59)












Ψ(η,ν)p (r) = N
(η,ν)
p (cosh r)
2k1− 12 (sinh r)2k2−
1
2








Γ(k1 + k2 − κ)Γ(−k1 + k2 + κ)
×Γ(k1 + k2 + κ− 1)Γ(−k1 + k2 − κ+ 1)
]1/2
, (3.61)
k1, k2 defined by: k1 =
1
2(1± ν), k2 = 12 (1± η), where the correct sign depends on the boundary-
conditions for r → 0 and r →∞, respectively. The number NM denotes the maximal number of
states with 0, 1, . . . , NM < k1 − k2 − 12 . κ = k1 − k2 − n for the bound states and κ = 12(1 + ip)
for the scattering states. 2F1(a, b; c; z) is the hypergeometric function [10, p.1057].
3.1.2 Separation of V1 in Horospherical Coordinates.
We evaluate the path integral for V1 in horospherical coordinates. The classical Lagrangian and
Hamiltonian are given by









(µ˙2 + ν˙2)− V (µ, ν) , (3.62)






+ V (µ, ν) . (3.63)























and for the quantum Hamiltonian we get

























+ V (µ, ν) . (3.67)
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We insert V1 into the path integral and obtain (f = a+/ν
2 + a−/µ2 and keeping to constants
k1,2)











































′′/~K(V1)(µ′′, µ′, ν ′′, ν ′; s′′) , (3.68)
and the time-transformed path integral K(V1)(s′′) is given by













(µ˙2 − ω2µ2)− ~
2
2m

















(ν˙2 − ω2ν2)− ~
2
2m




























where λ1,2 = k
2
1,2 − 2ma∓E/~2. We can extract the bound state wave-functions for the bound
state contribution of the Green function according to:













The bound states are determined by the equation
α
~ω











This quadratic equation in E is identical with (3.47).
3.2 The Superintegrable Potential V2 on D IV.



























































It is possible to evaluate the path integral for V2 in the (u, v) and the degenerate elliptic system
with γ = 2. The elliptic system with γ = 0 is not treated.
3.2.1 Separation of V2 in the (u, v)-System.
We insert V2 into the path integral and obtain (f = a+/sin
2 u+ a−/cos2 u)






































This formulation in (u, v)-coordinates is inconvenient. Following the procedure as for V1 in the
(u, v)-system we perform the coordinate transformation cosu = tanh τ , and get for the path
integral (3.74)

















K(τ ′′, τ ′, v′′, v′; s′′) ,
(3.75)
and the time-transformed path integral K(V2)(s′′) is given by
































































(λ21 = (2nv + |k1| − |k2|+ 1)2, λ22 = k23 − 2ma−E/~2).
The v-path integration gives a discrete and a continuous spectrum, thus two different parts
for the τ -path integration. We therfore find for the Green function
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×m
~2
Γ(m1 − Lλ1)Γ(Lλ1 +m1 + 1)
Γ(m1 +m2 + 1)Γ(m1 −m2 + 1)(cosh τ
′ cosh τ ′′)−(k1−k2)(tanh τ ′ tanh τ ′′)m1+m2+1/2
×2F1
(






− Lλ1 +m1, Lλ1 +m1 + 1;m1 +m2 + 1; tanh2 τ>
)









Γ(m1 − Lkv)Γ(Lkv +m1 + 1)
Γ(m1 +m2 + 1)Γ(m1 −m2 + 1)(cosh τ
′ cosh τ ′′)−(k1−k2)(tanh τ ′ tanh τ ′′)m1+m2+1/2
×2F1
(













2mE/~), Lλ1 = 12(λ1 − 1), Lkv = 12(ikv − 1), E = a+E − ~2k23/2m.
A discrete spectrum is only possible for the first summand in (3.76). First, we can analyze
the discrete spectrum by looking at the poles in (3.77) which gives the equation
2(nτ + nv) + λ+ + λ− + |k2| − |k1| = 0 (3.78)

















The entire Green function in terms of the wave-functions is given by















































(p2 + k23) . (3.81)
For k3 = ±12 we obtain the usual zero-point energy on the two-dimensional hyperboloid. Re-
inserting cos u = tanh v gives the Green function in the (u, v)-system.
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3.2.2 Separation of V2 in Degenerate Elliptic Coordinates.
We insert the potential V2 in degenerate elliptic coordinates into the path integral and obtain
(f(ω˜, ϕ˜) = 4(a+/ sinh
2 2ω˜ + a−/ sin2 2ϕ˜))









































The calculation is similar as in the case of the (u, v)-system: First, we re-scale 2ω˜ → ω˜, 2ϕ˜→ ϕ˜,
then we perform the transformation cos ϕ˜ = tanh τ˜ . Finally, we perform a time-transformation
in the path integral with the time-transformation f(ω˜, ϕ˜)→ f(ω˜, τ˜) yielding













K(V2)(τ˜ ′′, τ˜ ′, ω˜′′, ω˜′; s′′) (3.83)
with the transformed path integral K(V2)(s′′) given by











































Again we evaluate this path integral by a successive ω˜- and τ˜ -path integration. Performing finally
the s′′-integration we obtain










































The normalization constants Nkω˜p, Nkω˜p, Nnτ˜nω˜ are determined by the respective residuum in
G(V2)(E) and the discrete spectrum is determined by the quadratic equation (3.78). The contin-





(p2 + k23) . (3.86)
The difference of Ep in comparison to the (u, v)-system can be resolved by making in the (u, v)-
system the transformation sinu = tanh τ which changes the sign in the energy term. This
concludes the discussion of V2 on D IV.
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3.3 The Superintegrable Potential V3 on D IV.



























































It is possible to evaluate the path integral for V3 in both separating coordinate systems. However,
due to the similarity in the evaluations, only the degenerate elliptic II case will be presented.
3.3.1 Separation of V3 in Degenerate Elliptic Coordinates II.
We insert the potential V3 in the path integral formulation for degenerate elliptic coordinates on
D IV and obtain f(ω˜, ϕ˜) = 4(a+/ sinh
2 2ω˜ + a−/ sin2 2ϕ˜))








































In order to obtain a convenient form to evaluate (3.89) we perform the coordinate transformation
cos ϕ˜ = tanh τ˜ in the same way as for V2. Performing also the corresponding time-transformation
gives




















K(V3)(ω˜′′, ω˜′, τ˜ ′′, τ˜ ′; s′′) , (3.90)
and the time-transformed path integral K(V3)(s′′) is given by
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(λ2
i±a±
= 14 ∓ ci − 2ma±E/~2, i = 1, 2, 3). The latter path integral has the form of two successive
modified Po¨schl–Teller path integrations in ω˜ and τ˜ . In the ω-path integration we get a contribu-
tion form the continuous and from the discrete spectrum. The continuous contribution gives in
the τ˜ -path integration only a continuous part, whereas the other gives a discrete and continuous
contribution in τ˜ . We denote the continuous parameter in ω˜ by pω˜, the discrete parameter in ω˜




− 1, the continuous parameter in τ˜ by p, the discrete parameter in
τ˜ by ǫnτ˜ = 2nτ˜ + λ1+
a−
− ǫnω˜ − 1, therefore:




















































































































































































































(p2 + 14 − c3) . (3.93)
The discrete spectrum is determined by
2(nω˜ + nτ˜ ) + λ1+a−
+ λ3−a+
− λ2−a− − 2 = λ3+a− . (3.94)
This is an equation in E in eighth order which we will not solve.
3.4 The Superintegrable Potential V4 on D IV.
























































cosh2 ω cos2 ϕ
+
1
sinh2 ω sin2 ϕ
)
. (3.97)
It is possible to evaluate the path integral for V4 is all the separating coordinate systems. However,
we evaluate the path integral for V4 only in the (u, v)-system because V4 is trivial.
3.4.1 Separation of V4 in the (u, v)-System.
We insert V4 into the path integral and obtain (f = a+/sin
2 u+ a−/cos2 u)































We proceed similarly as in [14]. Because the formulation in (u, v)-coordinates is inconvenient, we
perform following [12] the coordinate transformation cos u = tanh τ . Further, we separate off the
v-path integration, and additionally we make a time-transformation with the time-transformation
function f = a+/sin
2 u+ a−/cos2 u. Due to the coordinate transformation cos u = tanh τ addi-




















We get for the path integral (3.98)

















K(τ ′′, τ ′, v′′, v′; s′′) ,
(3.100)
and the time-transformed path integral K(s′′) is given by


































Inserting the solution for the modified Po¨schl–Teller potential and evaluating the Green func-
tion on the cut yields for the path integral solution on D IV as follows (K(u
′′, u′, v′′, v′;T ) =
K(τ ′′, τ ′, v′′, v′;T )):

















(p2 + k20) , (3.104)
4 SUMMARY AND DISCUSSION 38
where λ20 = k
2
0 − 2maeE/~2 and the wave-functions for the modified Po¨schl–Teller functions.
Re-inserting cos u = tanh τ gives the solution in terms of the variable u.
We also see from this example that the introduction of a third variable w [15], say, to a three-
dimensional version of Darboux space D IV allows separation of variables, where the additional
quantum number k0 corresponds to the motion in w.
4 Summary and Discussion
In this second paper we have finished the discussion of superintegrable potentials on the Darboux
spaces of non-constant curvature. The results are very satisfactory. There are two potentials
on D I, four potentials on D II, five potentials on D III, and four potentials on D IV, respectively.
We could solve many of the emerging quantum mechanical problems. To give an overview, we
summarize our results in Table 5. We list for each space the corresponding potentials including
the general form of the solution (if explicitly possible). We omit the trivial potentials here,
because they are separable in all corresponding coordinate systems.
In the first Darboux space D I the superintegrable were related to the Holt potential and a
shifted isotropic harmonic oscillator in two-dimensional Euclidean space. Whereas the solution in
the coordinate v can be expressed in terms of the wave-functions for the radial harmonic oscillator
(Laguerre polynomials) and the shifted harmonic oscillator (Hermite polynomials), the solution
in the coordinate u was determined by a boundary condition for u. This gave wave-functions in
terms of parabolic cylinder functions and a transcendental equation for the bound state energy
levels. The corresponding solution in the rotated (r, q)-system was similar. An explicit solution
in parabolic coordinates could not be found.
In the second Darboux space there were three non-trivial superintegrable potentials. The
potentials were related to the Hold-potential, the isotropic singular oscillator, and the Coulomb
potential in two-dimensional Euclidean space. We found combinations of polynomial wave-
functions for the discrete states and combinations of polynomials and Whittaker functions for
the scattering states. The discrete energy spectrum for the oscillator-related potentials was
usually given by a quadratic equation in the energy. For the Coulomb-related potential we found
an equation in eight order in the energy, which could be studied in a special case. Also, in the
semiclassical limit, we found that the energy-spectra indeed had the behavior of an harmonic
oscillator and a Coulomb potential, respectively.
On D III we had potentials related to a linear potential, a Coulomb potential, and a shifted
oscillator in two-dimensional flat space. We found for the first potential an equation in fourth
order in the energy E, and quadratic equations in the energy E for the second potential and third
potential. The coulomb-related potential showed again in the semiclassical limit the behavior of
a Coulomb potential. Of some special interest was the feature of the complex periodic Morse
potential for the separation of V3 in polar coordinates. Such complex potentials have attracted in
the recent years some attention, because the involved PT -symmetry in these potentials has the
consequence that they nevertheless have a real spectrum, e.g. [3, 4, 43, 51, 50]–[52]. Such kind
a potentials also appear as subsystems in the list of superintegrable potentials on the complex
Euclidean plane [37].
A special feature in D III was that there is already for the free motion a positive continuous
and a negative infinite discrete spectrum. A similar feature also exists for the free quantum
motion on the SU(1, 1) and SO(2, 2) hyperboloid.
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Table 5: Solutions of the path integration for superintegrable potentials in Darboux spaces
Space and Potential Solution in terms of the wave-functions
D I
V1: (u, v) Hermite polynomials × Parabolic cylinder functions
Parabolic No explicit solution
V2: (u, v) Hermite polynomials × Parabolic cylinder functions
(r, q) Hermite polynomials × Parabolic cylinder functions
D II
V1: (u, v) Hermite polynomial × Whittaker functions∗
Parabolic No explicit solution
V2: (u, v) Laguerre polynomial × Whittaker functions∗
Polar Gegenbauer polynomial × Whittaker functions∗
Elliptic No explicit solution
V3: Polar Gegenbauer polynomials × Bessel functions
Parabolic Product of Whittaker functions∗
Elliptic No explicit solution
D III
V1: Parabolic Product of Hermite polynomials/Parabolic cylinder functions
Translated parabolic Product of Hermite polynomials/Parabolic cylinder functions
V2: (u, v) Gegenbauer polynomials × Whittaker functions∗
Polar Gegenbauer polynomials × Whittaker functions∗
Parabolic Product of Whittaker functions∗
V3: Polar Gegenbauer polynomials × Whittaker functions∗
Hyperbolic No explicit solution
V4: Hyperbolic Product of Whittaker functions
∗
Elliptic No explicit solution
D IV
V1: (u, v)-system Product of hypergeometric functions
Horospherical Product of Whittaker functions∗
Elliptic No explicut solution
V2: (u, v) hypergeometric functions
Degenerate Elliptic hypergeometric functions
V3: Elliptic hypergeometric functions
Degenerate Elliptic hypergeometric functions
(∗ The notion Whittaker functions means for a disrete spectrum Laguerre polynomials, and
for a continuous spectrum Whittaker functions Wµ,ν(z), respectievly Mµ,ν(z).)
In the fourth Darboux space we found potentials which were related to the Morse and Po¨schl–
Teller potential, and combined modified Po¨schl–Teller potentials. The modified Po¨schl–Teller
potentials had, of course, solutions in terms of hypergeometric functions, respectively Jacobi
polynomials (discrete spectrum) and Jacobi functions (scattering states).
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We were able to solve the various path integral representations, because we have now to our
disposal not only the basic path integrals for the harmonic oscillator, the linear oscillator, the
radial harmonic oscillator, and the (modified) Po¨schl–Teller Potential, but also path integral
identities derived from path integration on harmonic spaces like the elliptic and spheroidal path
integral representations with its more complicated special functions. This includes also numerous
transformation techniques to find a particular solution based on one of the basic solutions.
Various Green function analysis techniques can be applied to find not only an expression for
the Green function but also for the wave-functions and the energy spectrum. Usually, we stated
in all cases the solution for the discrete spectrum contribution, i.e. the energy-spectrum and the
bound-states wave-functions. However, not in all cases we stated explictly the scattering states.
In the cases, where we omitted the explicit representation, this can be done in a straightforward
way by inserting the corresponding solution by the potential problem in question and inserting
the various coupling constants and scattering quantum numbers.
Let us also note that our solutions are often on a more or less formal level. Neither have
we specified an embedding space, nor have we specified boundary conditions on our spaces. For
instance, in D I boundary conditions and the signature of the ambient space is very important,
because choosing a positive or a negative signature of the ambient space changes the boundary
conditions, and hence the quantization conditions [22]. The same line of reasoning is, of course,
valid in the other three Darboux spaces. We have not discussed in detail special cases of the
parameters (say a and b), including the limiting cases to flat spaces or spaces with constant
(negative) curvature. Such a discussion would go far beyond the scope of this paper.
Let us finally mention an important observation due to [27]. At the end of their paper Kalnins
et al. gave a list of superintegrable potentials on the two-dimensional complex plane and complex
sphere. As it turns out[28], all of the potentials on Darboux spaces can be generated by taking
a two-dimensional line element and dividing this line element by a superintegrable potential
belonging to a specific class.2 Not every class generates a new potential on a Darboux space,
some are simply related by a coordinate transformation, and some potentials can be generated
from the Euclidean plane as well as the complex sphere. The appearance of the complex sphere
is especially obvious in the general elliptic coordinate system on D IV. Some of the various
different potentials coming from the complex plane and sphere are also related by the so-called
“coupling constant metamorphosis”. Coupling constant metamorphosis always comes into play
if the energy E of the quantum system appears in the form of E×metric terms. This observation
leads to the notion that every nondegenerate superintegrable system in two dimensions is “Sta¨ckel
equivalent” to a super integrable system in a two-dimensional space of constant curvature [28].
In the language of path integrals coupling constant metamorphosis comes from “time-” or
“space-time” transformations (also called Duru–Kleinert transformations [40]). Here the most
important example is the Coulomb problem, where by means of a space-time transformation the
Coulomb-coupling α just becomes a constant and the emerging harmonic oscillator problem has
the frequency ω2 = −2E/m, i.e. the negative energy of the Coulomb problem appears as an
harmonic oscillator frequency. As we have seen this kind of coupling constant metamorphosis
or space-time transformation, respectively, had been indispensable tools in the path integral
evaluations of the free motion and for the superintegrable potentials, and we can use both
notions as synonymous.
2The cases for two-dimensional flat space with two-dimensional superintegrable potentials is discussed in [16].
It turns out that the quantization conditions for the bound energy states is always determined by an equation of
eighth order in E.
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We did not go into details of three-dimensional generalization of the Darboux spaces [15].
Of course, it is possible to extend the notion of superintegrability to three-dimensional Darboux
spaces. In particular, in three dimensions there are more of such potentials. In total, there are
five maximally superintegrable potentials [18], the first four of them also are superintegrable on,
including the singular harmonic oscillator, the Holt potential and the Coulomb potential. New
features will arise due to the fact that on three-dimensional generalization of the more compli-
cated Darboux spaces D III and D IV, coordinate systems from the three-dimensional complex
sphere come into play [31]. Studies along such lines will be performed in future investigations.
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A Path Integral for the Free Motion on D IV
in Degenerate Elliptic Coordinates (γ = 1)


















(dωˆ2 + dϕˆ2) . (A.1)
We formulate the path integral in the usual way. We perform the space-time transformation
with the coordinate transformation cos ϕˆ = tanh τˆ yielding

















































K(ωˆ′′, ωˆ′, τˆ ′′, τˆ ′; s′′) (A.2)
with the transformed path integral given by
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where λ2± =
1
4 − 2ma±E/~2. The successive path integrations are of the modified Po¨schl–Teller
type. Therefore the solution can be written as follows:
























and we can re-insert tanh τˆ → cos ϕˆ. The difference of the energy spectra in degenerate elliptic
and elliptic coordinates (interchanging of a+ and a−) can be removed by a shift of the coordinates
ϕ˜ and ϕˆ by π/2, respectively.
B Path Integral for the Free Motion on D IV
in Degenerate Elliptic Coordinates (γ = 2)











(dω˜2 + dϕ˜2) . (B.1)
We formulate the path integral in the usual way. We scale both variables by the factor 2
and perform the space-time transformation with the coordinate transformation cos ϕ˜ = tanh τ˜
yielding (λ2 = 14 − 2ma+E/~2):






















































K(ω˜′′, ω˜′, τ˜ ′′, τ˜ ′; s′′) (B.2)
with the transformed path integral given by






































cosh2 πλ+ sinh2 πk







cosh2 πk + sinh2 πp
P ipik−1/2(± tanh τ˜ ′′)P−ipik−1/2(± tanh τ˜ ′) e−i~Tp
2/2m . (B.3)
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Therefore we obtain the wave-functions and the energy-spectrum, respectively





cosh2 πλ+ sinh2 πk
p sinhπp
cosh2 πk + sinh2 πp
)1/2





(p2 + 14), and we can re-insert tanh τ˜ → cos ϕ˜.
C Superintegrable Potentials on E(2,C).
In this appendix we shortly discuss the path integral representation of superintegrable potentials
on the two-dimensional complex Euclidean plane. A thorough path integral discussion on the real
two-dimensional complex Euclidean plane has been done in [18], and therefore these solutions
will not be repeated here, only some new due to the appearance of three more potentials V5–V7.
As Usual P1 = −i~∂x and P2 = −i~∂y denote the momentum operators, and M = yP1 − xP2 is
the angular momentum. The potentials now read as follows [28, 35, 36, 37]
V5 =
B


























In the underlined cases we give a (formal) path integral representation.
The Potential V5.
For the potential V5 the corresponding Lagrangian has the form
L = m
2
(x˙2 + y˙2)− B
2
(x− iy) . (C.2)
Thus, we identify two linear potentials [13, 46]






































(x′ + x′′ − iy′ − iy′′)
)]
(C.3)
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Table 6: Coordinate Systems on the Complex Plane E(2,C)
Coordinate System Integrals of Motion Coordinates
1. Cartesian, I = p21 x, y
(x, y ∈ IR)
2. Polar I = m2 x = ̺ cosϕ
(̺ > 0, ϕ ∈ [0, π)) x = ̺ sinϕ
3. Light Cone I = (P1 + iP2)
2 xˆ = x− iy
(x, y ∈ IR) yˆ = x+ iy,
4. Elliptic I =M2 − a2P 22 x = coshω cosα
(ω > 0, α ∈ [0, 2π)) a 6= 0 y = sinhω sinα
5. Parabolic I = {M,P2} x = 12 (ξ2 − η2)
(ξ, η > 0) y = ξη
6. Hyperbolic I =M2 + (P1 + iP2)
2 x = u
2 + u2v2 + v2
2uv
(u, v > 0) y = iu
2 − u2v2 + v2
2uv
7. Semi-hyperbolic I = {M,P1 + iP2}+ (P1 − iP2)2 x = 12 (w − z)2 + 14 (w + z)


























































with the continuous spectrum E = ~2p2/2m, and λ is the second separation constant.




(w − z)(w˙2 − z˙2)− B
2
(w + z) + E , (C.5)




(w˙2 − z˙2)− B
2
(w2 − z2) + E(w − z) . (C.6)
Therefore the potential v5 has been transformed into the problem of a shifted harmonic oscillator,
whose solution is well-known. In order to determine the path integral solution we consider the
Green function of the harmonic oscillator [23], use the convolution formula for the kernel in terms
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of a product of two Green functions


















dEGw(E;w′′, w′;−E)Gz(E; z′′, z′; E) , (C.7)
and obtain therefore



































































































with the continuous spectrum E = ~2p2/2m, and λ is the second separation constant. The Green





ν (z), e.g. [14, 42, 23, 18], which is omitted here.
The Potential V6.













(w − z)(w˙2 − z˙2) + i
√
2α
w − z + E , (C.10)
which gives after a time transformation (ξ˙ = dξ/ds, η˙ = dη/ds and dt = (ξ2+η2)ds in parabolic




(ξ˙2 + η˙2) +
√




(w˙2 − z˙2) + i
√
2α+E(w − z) . (C.12)
In parabolic coordinates we have a shifted harmonic oscillator and in semi-hyperbolic coordinates
a linear potential plus a constant. The solution is consequently almost identical to the corre-
sponding solutions for the potential V5 with appropriate replacement of the coupling constants.
See also [14, 23, 18, 42] for more details
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The Potential V7.
Let us consider the last potential V7. In polar coordinates we have the effective Lagrangian (note
the additional ~2-potential [23])
L = m
2








In the variable ϕ we have a complex periodic Morse potential, the same kind of potentials we
have encountered on D III for V3 in polar coordinates. We identify α = 4c
2
1 and β = c2/c1.
Furthermore we see that the remaining path integral in the variable ̺ is just a radial harmonic
oscillator path integral. Putting everything together yields




















































with the well-known expansion by means of the Hille–Hardy formula in terms of Laguerre poly-
nomials for ̺. We leave the result as it stands.
D Superintegrable Potentials on S(2,C).
Let us shortly enumerate the superintegrable potentials on the complex sphere. On the real two-
dimensional sphere there are two superintegrable potentials, a feature which has been already
investigated, e.g. [19]. On the complex two-dimensional sphere there are four more potentials
which are are listed in (D.4) [28, 31, 35]. In the underlined cases we give a path integral rep-
resentation. These representations remain, however, on a formal level, because the complex
sphere is an abstract space and serves just as a tool to find the relevant potentials. Going to
the corresponding real spaces, i.e. the sphere and the hyperboloid, respectively, requires the real
representation of the coordinate system in question, including the corresponding path integral
representation.
In Table 7 we list the five coordinate systems on the complex sphere S(2,C) according to
[28, 31, 35]. Let us note that we can also use v = ie−ix as a parameterization in the horospher-
ical system (x, y ∈ IR). As usual J1, J2, J − 3 are the angular momentum operators in three
dimensions.
The Potential V3.






(s1 − is2)2 + γ
(s1 + is2
(s1 − is2)3 (D.1)


















− γe−4ix , (D.3)
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(c2z− − z+)2 − 4c2z3
Elliptic
+
β(z+ − c2z−)(z+z− + z23)
z23
√




(z± = s1 ± is2, z3 =
√
1− s21 − s22, c2 = 1+r1−r ) Degenerate Elliptic I
V6(s) =
α
(s1 − is2)2 +
βs3
(x− iy)3 + γ
1− 4s23




This potential has now in spherical coordinates in the ϕ-dependence the same structure
as the potential V7 on the complex plane, thus the solution is the same (c1,2 in the complex
Morse potential appropriately). In the ϑ dependence we obtain after the separation of ϕ a
Po¨schl–Teller potential. In comparison to V7 on the complex plane, we must therefore replace








n (ϑ) (α˜2 = 2mα/~2 +
1
4) and we are done. Summarizing we obtain
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Table 7: Coordinate Systems on the Complex Sphere S(2,C)
Coordinate System Integrals of Motion Coordinates
1.Spherical L = J23 s1 = sinϑ cosϕ
(ϑ ∈ [0, π), ϕ ∈ [0, 2π) s2 = sinϑ sinϕ, s3 = cosϑ
2.Elliptic L = J − 12 + rJ22 s21 = (ru − 1)(rv − 1)1− r
s22 =
r(u − 1)(v − 1)
1− r , z2 = ruv

















, s3 = iy/v
4. Degenerate L = (J1 + ij2)
2 − c2J23 s1 + is3 = 1cosh τ1 cosh τ2




cosh τ1 cosh τ2
(τ1,2 ∈ IR) s3 = tanh τ1 tanh τ2
5. Degenerate L = J3(J1 − iJ2)2 s1 + is2 = 1ξη
Elliptic 2 s1 + is2 = − 14
(ξ2 − η2)2
ξη





In horospherical coordinates we have in the variable y a radial harmonic oscillator (set γ =
mω2/2, α˜2 = 2mα/~2 + 14 ) and in the same way (c1,2 in the complex Morse potential appropri-
ately)























































l (y) are the wave-functions of the radial harmonic oscillator [23].
The Potential V6.


























− γe−4ix , (D.8)
and we have inserted horospherical coordinates. This potential is in the variable y a shifted
harmonic oscillator, however, the shift is a complex one. In the variable x we have the complex
periodic Morse potential. Again we encounter a complex potential, this time a PT -symmetric
harmonic oscillator with spectrum El = ~ω(l +
1
2), e.g. [50]. Consequently we have in a similar
way as before (c1,2 in the complex Morse potential appropriately, set κ = iβ/mω
2):



































































l (y) are the wave-functions of the shifted harmonic oscillator [23]. The repre-
sentations of the potentials V4 and V5 in the separating coordinate systems lead to intractable
powers in the various coordinates, respectively powers of cosh τ1,2, i.e. highly anharmonic terms
which cannot be treated. The same holds for V3 and V6 in the remaining separating coordinate
systems. This concludes the discussion.
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